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Abstract. In this paper branching rules for the fundamental representations of the 
symplectic groups in positive characteristic are found. The submodule structure of the 
restrictions of the fundamental modules for the group Sp2n(K) to the naturally embedded 
subgroup Sp2n-2{K) is determined. As a corollary, inductive systems of fundamental 
representations for Spoo (K) are classified. The submodule structure of the fundamental 
Weyl modules is refined. 



1. Introduction 

The article is devoted to finding branching rules for the fundamental representations 
of the sympplectic groups in positive characteristic. The classical branching rules are 
concerned with the restrictions of representations of the classical algebraic and symmetric 
groups in characteristic to naturally embedded subgroups of smaller ranks. For a group 
of rank n and its fixed irreducible representation (p they yield the composition factors 
of the restriction of ip to a naturally embedded subgroup of rank n — 1 and hence to 
similar subgroups of smaller ranks, at least algorithmically. These rules provide a basis 
for induction on rank and have found numerous applications. In positive characteristic 
one cannot expect to obtain complete branching rules in an explicit form in a near future 
since this problem is closely connected with that of finding the dimensions of arbitrary 
irreducible representations and the composition factors of the Weyl modules. So it is worth 
to investigate important particular cases where such rules can be found and to seek for 
asymptotic analogs of these rules. The notion of an inductive system of representations 
(see the definition below) introduced by Zalesskii in [ O ] yields an asymptotic version of the 
branching rules. It proved to be useful for the study of ideals in group algebras of locally 
finite groups as well, see, for instance, Zalesskii's survey |TIJ. We classify the inductive 
systems of the fundamental representations for the infinite-dimensional symplectic group 
Spoo(K). This class of representations yields an example of representations of a simple 
form for which the branching rules in positive characteristic differ from the characteristic 
case. 

Let K C F be fields of characteristic p > 0, F be the algebraic closure of F, and Z + 
be the set of nonnegative integers. Let G n = Sp2 n {K). Denote by w", < i < n, the 
ith fundamental module and representation of G n over F where uJq is the trivial one. Let 
Wq = uJq, Wi, . . . , W% be the corresponding Weyl modules. Set W/ 1 = = for i < 
and for i > n. The labeling of the fundamental modules is standard, the fundamental 
and the Weyl modules for G n are the -F-modules affording the restrictions to G n of the 
relevant representations of the group Sp2 n (F) (it is well known that these restrictions can 
be realized over F). For an integer z > we denote by lp(z) the maximal i such that 
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p 1 | z. We have lp(z) = if p \z. Let M be a G n -module. The restriction of M to G n -\ 
is denoted by M{G n -\. We shall write 

M ~ iVi H h iV g 

if there is a series = Mo C Mi C • • • C M g = M of submodules of M and a permutation 
a such that N a ^ = Mi/Mi-i for all « = l,...,q. Moreover, if in addition Mj/Mj_i 
coincides with the socle of M/Mj_i for i = 1, . . . , q, then the sequence 

N a (!) -< a N a{2) -< a . . . -< a N a[q) 

is called the socle series of M. 



Theorem 1.1 below describes the branching rules for the fundamental G n -modules and 
the submodule structure of the restrictions of these modules to G n -\. 

Theorem 1.1. Let n>2 and < % < n. Set d = lp(n — % + 1); s = if n — i + 1 = — p d 
(mod p d+l ) and e = 1 otherwise. Then 

(i) wP|G n _i ~ u^r 1 + 2uJ ?-i + fet=o 2uj i-i*) + ^iLd ( the sum in the brackets is 



zero whenever d = 0); 

(ii) LuflGn-! = uj^Zi © © D and the series 

twi/i w = ©ea;™^ d and a;" -1 omitted for j < is the socle series of D. In particular, 
D = uj if i = 0,1 or p j(n + \ — i. 

Corollary 1.2. For n > 2 i/te restriction uj^[G n -i is completely reducible if and only if 
i = 0, 1 orp/fn + 1 — i. 

The proof of Theorem |Ll] is based on the description of the composition factors of the 
fundamental Weyl modules (Premet and Suprunenko |], Theorem 2] for p > 2 and inde- 
pendently Adamovich [l], Theorem 2 and its Corollary 1] for arbitrary p) and Adamovich's 
results on the submodule structure of these Weyl modules. In Section these results 



are refined (Theorem |2.13| ). In particular, a new irreducibility criterion for the fundamen- 
tal Weyl modules is obtained (Corollary |2.14| ) and it is proved that their socles are always 
simple (Corollary p. 15 ). 



For n — p + 2 < i < n Gow |5[| has given an explicit construction of the modules u>f 
and has described the submodule structure of the restrictions uj™\.G\ x G n _i (the natural 
embedding) (|5|, Theorem 2.2]). This implies our Theorem |1.1| for these modules. In 
H a certain explicitly determined operator 5 on the exterior algebra AV of the natural 
G n -module V is considered and it is proved that forn — p + 2 < i < n the module u>f 
can be realized as the quotient ker S n /\ i V/S p ~ 1 (A i+2p " 2 V) (|| Corollary 2.4]). This nice 
construction gives a realization for an important class of modules without complicated 
representation-theoretic machinery. However, it cannot be extended to other fundamental 
modules since according to ]|, Theorem 4.2], the quotient above is zero for i < n — p + 2. 

In [fjj Sheth has found the branching rules for modular representations of symmetric 
groups corresponding to two part partitions. The composition factors occurring in the 
relevant restrictions are similar to those of the module D in Theorem |l.l| (ii). We conjecture 
that the submodule structure of these restrictions is also similar to that of D. The authors 
plan to consider this question as well as the similar one for representations of special linear 
groups with highest weights + Uj in a subsequent paper. 

In Section |] Theorem 1.1 is applied to classify the inductive systems of fundamental 



F-representations for Spoo(K). Let 

H x C H 2 C . . . C H n C . . . (1) 
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be a sequence of groups, and \l/ n , n = 1, 2, . . . , be a nonempty finite set of (inequivalent) 
irreducible representations of H n over a fixed field. The system ^ = {\£ n \ n = 1,2,...} 
is called an inductive system (of representations) for the group H = Un=i ^ n ^ eac h 
ty n coincides with the union of the sets of composition factors (up to equivalence) of 
the restrictions ir[H n where ir runs over ^n+i. In this article ([l]) is the sequence of the 
naturally embedded groups G n = Sp2 n (K), so U^=i G n = Spoo(K). Set 

Tn = W1 | < i < n}, T = {T n | n = 1,2,... }; 

C s n = {w?|0<i<*}, £ S = {£-n |n = l,2,...}; 

K u n = \ n + l- u<i <n}, K u = {K^ \ n = 1, 2, . . . }. 

Theorem 1.3. The inductive systems of fundamental representations over F for Spoo(K) 
are exhausted by the systems T , C s , 7£ p ' _1 , and C s U 7£ p ' _1 (s > 0, t > 1). 

It is clear that £° (which consists of the trivial representations) and 1Z p ~ l are minimal 
inductive systems. However, the question on the minimal inductive systems for Spoo(K) 



is far from solution. For p > 2 Zalesskii and Suprunenko [1C] have described the inductive 
system $ = {& n \ n = 1,2,...} where for each n the set consists of two irreducible 
representations with highest weights u> n -\ + \{p — 3)uj n and \{p — l)w n . The system <i> 
coincides with 1Z 2 for p = 3 and yields another example of a minimal inductive system for 
p > 3. 

For other classical groups the questions investigated in this paper present no problems 
since the situation is the same as in characteristic 0. 

The authors [|| have found the minimal and the minimal nontrivial inductive systems 
for the group SL OQ (K). For this group the system consisting of the trivial representation 
is the only minimal inductive system, and the minimal nontrivial ones are exhausted by 
the systems \P = {Ln \ n = 1,2,...} and R J = {B? n \ n = 1,2,...} where L J n consists 
of two irreducible representations of SL n +i(K) with highest weights and p^uji and Rn 
of those with highest weights and p^LUn. The picture is similar for the groups SXoo arid 
SUoq over locally finite fields. 



Until Proposition 4.2 we assume that K = F = F. At the end Proposition 4.2 transfers 



the results to arbitrary fields. 



2. The structure of the fundamental Weyl modules 

In this section we refine the results of [|| , |Q] , and [g] on the structure of the fundamental 
Weyl modules for G n . 

Throughout the paper we set 7r™ = and VJ 1 = VF™ +1 _j. We denote by [a, b] 

the set of all j S Z + with a < j < b. For an integer k G Z + write its p-adic expansion 
k = ko + k\p + • • • + k s p s with < ki < p and set k{ = for all such i £ Z + that p l > k. 
We shall write k = (&o, fei, . . . , k s ). We say that an integer m contains k to base p and 
write k <Z P m if and only if for each i either ki = 0, or ki = nii. Set d™ = 1 if k C p m, and 
d™ = otherwise. 

Theorem 2.1. g Theorem 2] Let p>2. Then ~ J2kLo d k +1 ^ +2kuJ i-2k- 

We need some more notation to state Adamovich's results. For A G Z + define maps 
s' A : Z + — > Z + and s\ : Z + — > Z + setting 

s' x (l) =l + 2k' where 1 + 1 = a'p x - k', a' G Z+ < k' < p x ; 

s x (l) = l + 2k where I = ap x - k, a G Z + , < k < p x . 
We say that the reflection s' x or s\ is l-admissible if k! ^ and p /a' or 7^ and p /a, 
respectively. We denote by S(l) the set of all m > I that can be written in the form 
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m = s\ u . . . s^i (0 where X u < ■ ■ ■ < X\ and for each i = 0, 1, . . . , u — 1 the reflection s\ t+1 
is s\ i . . . s\ 1 (Z)-admissible. Similarly we define S'(l) (writing s' x instead of s\ t ). 

Theorem 2.2. @ Let < I < n. Then ~ + EmeS'(Q 

As s^(x — 1) = s\(x) — 1, the following theorem yields an equivalent statement. 

Theorem 2.3. Let 1 < I < n + 1. T/ien U z n ~ vrf + E me s(z) 

Let us rewrite Theorem |2.1| in terms of 7r^ and Vf 1 (without restrictions on p) . 

Theorem 2.4. Letl<l<n + 1. Then V t n ~ d l + 2k rf +2k . 

Now our goal is to show that Theorems [2.3| and are equivalent, so Theorem |2.4j (and 
|2.1| ) holds for p = 2. For this purpose we prove some technical facts on the triples k,l,m 
with k C p m = I + 2k and admissible reflections. 

Until the end of the section I > 1. For each m G S(Z) the tuple (Ai; . . . ; X u ) is uniquely 
determined (see the comments before the Theorem in pi). If u is odd for some m, set 
A u+ i = lp(m). Then s\ u+1 (m) = m and A u+ i < X u . Now for every m € S(l) we have 
a uniquely determined sequence of reflections s\ 1 , s\ 2t . Such sequences will be called 
I -admissible. For an integer < a < p — 1 set a = p — 1 — a. The following lemma is 
straightforward. 

Lemma 2.5. Set q = lp(Z). The reflection s\ is l-admissible if and only if X > q and 
l x =£p-l. In that case s\(l) = p q (l q + l,l q+ i, . . . l\-i,h + Ua+1, •••)■ 

Two consequent applications of Lemma |2.5| yield 

Proposition 2.6. Let lp(Z) < fi < X, m = s^s\(l), and k = (m — Z)/2. The pair s\,s^ is 
l-admissible if and only if l\ ^ p — 1 and Z M ^ 0. In that case 

m = (Z , lfi-i, Ijt + 1, Zji+i, Z_ A _x, Z A + 1, Z A+1 , ...), 

fe = (0, 0, lft + 1, Ifi+i, Z A _i). 

/re particular, k <Z p m = I + 2k. 

We call a tuple a = (Ai; . . . ; X2t) l-admissible if Aj E Z + , Ai > • • • > A2t, /a 2 --i P ~ 1 
and Z,\ 2 . ^ for j = 1, . . . , t. For an Z-admissible u set 

t 

= \J[^2j,x 2 j-i - 1], 

<5j CT = 1 if i = Xj for some j and = otherwise. Define l a £ Z + putting 



Proposition 2.6 yields the following corollary. 

Corollary 2.7. ^4 sequence s\ 17 . . . , s\ 2t is l-admissible if and only if the tuple a 
(Ai; . . . ; X2t) is l-admissible. In that case s\ 2t . . . s\ 1 (I) = l a . 

Proposition 2.8. An integer m € S(l) if and only if m — I = 2k > and k <Z P m. 
Proof. Let a = (Aj; . . . ; X 2 t) be an Z-admissible tuple and m = s\ 2t . . . s\ 1 (l). Set m° = Z, 



m- 7 = sa 2 ...sai(Z), and W = (m? — m? 1 )/2, 1 < j < t. Using Proposition 2.6 



one 



deduces that W C p m?\ m? = l aJ with <7 J = (Ai; . . . ; A2j); kj = and m\ = mj 1 for 
* ^ [-^2j) A2j-i]- Therefore k = k 1 + . . . + k l C p m. 

Assume now that m — l = 2k>0 and k <Z p m. Choose integers r±, r 2 , ■ . . ,r 2 t as follows. 
Set tq = —1. Assume that t 2 j is chosen. If there is no i > T 2 j such that ki = uii ^ 0, 
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we set t = j and stop the process. Otherwise we choose for T2j+i minimal i > T2j with 
ki = rrii ^ 0. As m > Ik, there exists / > T2j+i with kf ^ mf (observe that in this case 
kf = 0). We choose minimal such / for T2j+2- Set X q = Tzt+l-q- Since k C p m, using 
Corollary |2.7| and analyzing the p-adic expansions of k and m, one can conclude that the 
tuple a = (Ai; . . . ; A 2 t) is /-admissible and m = l a . □ 



Corollary 2.9. Theorems \2.3j and 2^4 ere equivalent, so Theorems 2A and 2^4 are valid 
in characteristic 2 as well. 

Now we rewrite Adamovich's results || on the submodule structure of the Weyl modules 
in our terms. We fix n and write V\ and 7r m instead of Vp and 7r^. For m G S(l) or m = I 
we denote by Pi(m) the smallest submodule of Vi that has a composition factor ir m . Since 
V\ is multiplicity- free, Pi(m) is correctly defined and each submodule of V; is a sum of 
Pi{m) for some m. Hence the submodule structure of V\ is determined by the inclusion 
relations between the submodules P\{vn) (see also comments at the beginning of Q)- We 
shall write Tx m -< ir q if Pi(m) C Pi(q). Let a = (Ai; . . . ; A 2 t) be an /-admissible tuple. For 
m = l a set 

t 

£2,(m) = Qi(a) = [j [A 2i , A 2i -i - 1]. 
i=i 

it 



Note that Qi(m) = U,j=i[ r 2.?'-i> T 2j — 1] where are as in the proof of Proposition 2.£ . 
For instance, for p = 3, 

m = (0, 1, 2, 2, , 1, 0, 2, 1, 0, , 2, 1), 
fc = (0, 0, 2, 2, , 0, 0, 2, 1, 0, , 0, 0), 

we have m _ 2 fc(m) = [2,4] U [7, 10]. Put also Z (Z) = 0. 

Theorem 2.10. [0] For 1 < m, g < n + 1 and m,q G S'(Z) U {Z} f/ie module ir m -< 7r g ('as 
composition factors ofVi) if and only if Q.i(q) C £j;(m). 

Remark 2.11. Actually the sets ^3/(m) which are considered in 0] differ slightly from 
Qi(m). For m G <S(Z) one has ^Pi(m) = U* =1 [^2j + 1> M2j--l] where // s = A s for s < 2i, 



A*2t = ^2* if m ^ s\ 2t _ 1 . . . s\ 1 (l), and /i 2 j = otherwise. However, Lemma 2J3 enables one 
to deduce that tyi(m) C ^ (q) if and only if Q.i(m) C Qi(q). The crucial point is that 
lp(Z) = lp(m) for m G 

For /-admissible tuples a = (Ai; . . . ; A 2 t) and <r' = (X[; . . . ; A' 2s ) we say that a < a' if 
there exists / < 2i, 2s such that Aj = A^ for 1 < i < / and either / = 2t, or / < 2i, 2s and 
Aj + i < A^ +1 . It is convenient to assume that the empty tuple is /-admissible, < a for 

all a, r = I, and H;(0) = 0. The following is obvious. 

Lemma 2.12. Let a and a' be l-admissible tuples. Then l a < V if and only if a < a' . 

Set n' = n + 1. Construct an /-admissible tuple cr max = (/zi; . . . ; /i 2 t) as follows. Put 
= +oo. Assume that /j>2j is chosen. Set fi = fi2j — 1. If there is no /-admissible tuple 
(a; /?) such that fj,> a > (3 and 

(Z ,...,Z^) (a;/3) = (l , ... Jp + lJ/3+i, ■■■ J a -i,L + 1, ■■■ Jft) < (n' ,...,n^), 

we stop the process and set t = j (cr max = if t = 0). Otherwise we choose maximal such 
pair (a; (5) (with respect to <); set [i2j+i = ol and ^ 2 j+2 = /3; and if 

(1/3 + 1,1/3+1, ■ ■ -Ja-lJa + 1) < (n'p, ■ ■ ■ ,n' a ), 
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we stop the process and determine (^+3; • • • ; /J-2t) as the maximal Z-admissible tuple with 
fJ-2j+3 < 0- Obviously, l a is the maximal integer m such that 7r^ is a composition factor 
of Vf 1 . 

For ^-admissible tuples a and a' we write a -< a' if and only if Qi(cr) D £};(V). Using 
Corollary 2.7, Theorem 2.10, and Lemma 2.12] , we get our main result on the structure of 
fundamental Weyl modules. 

Theorem 2.13. The map a *— > 7^™ is a posei isomorphism between the l-admissible tuples 
a < (T max and the composition factors of VJ 1 with the partial orders -< . 

If I < n', we denote by i> the maximal integer such that l v ^ n' v . If i v + 1 = n^, we 
denote by u the maximal integer < v such that l u 7^ n„ setting u = —\ \i li = n\ for all 
i < w. Put s = lp(7). 

Corollary 2.14. Lei n' = n + 1 and 1 < I < n'. Then V™ is irreducible (i.e. <7 max = %) 
if and only if one of the following holds. 

(1) l = n' ; 

(2) I < n' and s > v; 

(3) I < n' , s < v, l v + 1 = n' v , l s > n' s ; Zj = p — 1 and n\ = for s < i < v. 



Proof. This follows from Proposition 2.6 and Corollary 2.7. □ 

Corollary 2.15. Lei n' = n + 1 anc? 1 < Z < n'. The socle of Vf 1 is always simple. For 
reducible V™ it has the form tth with 7 = (t; s) and t as follows. 

(1) t = v if s < v and either l v + 1 < n' v , or l u < n' u ; 

(2) t = w if l v + 1 = n' v ; u = — 1 or l u > n' u ; s < w < v ; l w 7^ p — 1/ and lj = p — 1 /or 
w < j < v. 



Proof. Applying Results 2.6, 2.7, and 2.13, we conclude that mi is a composition factor 
of Vp and for each ^-admissible tuple r < cr max the set Hi{t) C [s, t — 1], so 7177 -< tt/t. □ 

3. Branching rules and the submodule structure of the restrictions 

In this section the main results of the article are proved. We shall need the following 
simple lemma. 

Lemma 3.1. Assume that d l ^ 2k = 1 (i.e. k C p I + 2k). 

(i) If p s I I + 2k, then p s \ k and p s \ I. 

(ii) If p s I l, then p s I k and p s \ I + 2k. 

Proof. One can assume that s > 1. 

(i) Let p s I I + 2k. Since k C p I + 2/c, we have p s | A;. This implies that p s \ I. 

(ii) Let p s I L Then lo = • • • = l s -i = 0. Let r = lp(fc) . Assume that r < s. Since 
k C p I + 2k, we have fc r = (2k) r 7^ 0, which is impossible. Therefore r > s, so p s \ k and 
p s \l + 2k. □ 

As in Section [2] , we shall omit the superscript n in our notation for modules when 
it is known which group is considered. Replacing uji by 7r„ + i_j and W{ by V n+ \-i, one 
immediately concludes that Theorem |l.l| (i) is equivalent to the following 



Theorem 3.2. Let 1 < i < n + 1 and d = lp(i). Then 

^iiGn-l ~ 7Ti-l + 27Tj + ^27rj_ 1+2p i + ST^i-l+2pd 



,t=0 



where e = if i = —p d (mod p d+1 ) and e = 1 otherwise. 
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Proof. One can rewrite the formula in Theorem [T^ as follows. 

oo 

TTf lG n -l ~ 7Ti-l + 27Tj + ^ 6t7Tj_ 1+ 2 p t (2) 



i=0 



where 



2, t = (mod p m ), 
b\= \ 1, i = ap* (mod p* +1 ) and a ^ 0, — 1 (mod p), (3) 
0, z ^ (mod p') or i = —p l (mod p' +1 ). 

Recall that by convention 7r™ = for all i > n+ 1, and vr" +1 is the trivial one-dimensional 
G ra -module. So (|2|) holds for i > n + 1. Assume now that 1 < / < n + 1 and (||) is valid 
for all i > I. We shall prove it for i = I. Then the theorem will follow by induction. 

It follows from [Q, Proposition 3.3.2 and Theorem 4.3.1] that Vi\,G n -\ has a filtration 
by Weyl modules for G n ^\. Then the classical branching rules for characteristic [ 13 1 and 



Theorem 2.4 imply 

VTIG n _! ~ V^t + 2Vi + V l+1 ~ 2V + Y, fl +2t ^i+2t-i (4) 

t=o 

where V = ££° =0 4 +2 ^+2fc, /o _1 = d l \ and 



On the other hand, by Theorem |J, VUG n _i ~ JX <t£ 2k {n+2kiG n -\)- Since 4 = 1 



and the branching rules for 7Tj with i > / are assumed to satisfy (|2j), one can determine 
the branching of 717. Therefore it suffices to check that the right part of @ is equal to 
YlkLod/^ Ui + 2k where Ui is the right part of (||). The latter sum can be rewritten as 
follows: 

oo oo oo 

2V + E 4 +2fc (^+2fc-i + E bl s +2k Ki + 2k+2 P s-i) = 2v + 4 +2 * _1 ^+a-i 

fc=0 s=0 t=0 

where 

e , +2t _i = d i +2t + 4+ 2fc 6i +2fc . (5) 

fc,s>0, k+p s =t 

We have to show that ej +2 * _1 = // +2 * _1 for all t > 0. Note that f^ 21 ' 1 < 2. We proceed 
by steps. 

Step 1. At most one summand in (j^J is nonzero. In particular, e[ +2 * _1 < 2. 

Assume that d l + 2k b l s +2k + and d l + 2k 'b l + 2k ' / with t = k + p s = k' + p s ' and s > s'. 
Since 6^ +2fc ^ 0, we have p s | Z + 2fc. As 4 +2fc >4^ 2fc ' ^ °> b y Lemma |0|, p s divides fc, Z, 
and A;'. Hence p s \ k + p s — k' = p s , which yields a contradiction. 

Now assume that d l t +2t / and d l ^ 2k b l s +2k ^ with k + p s = t. As above, we get that 
p s divides k, I, and t. Let r = lp(Z). Then by Lemma |3.1| (ii), p r \ k and p r \ t. Since 
k + p s = t, we have r = s, so Z s 7^ 0. Consider the following cases. 

Case 1. k ^ and t ^ (mod p s+1 ). Then I + 2t = t and I + 2k = k (mod p s+1 ), so 
p s = t — k = 2(t — k) (mod p s+1 ), which is impossible. 

Case 2. k = (mod p s+1 ). Then t s = 1. Since I + 2t = t (mod p s+1 ), we have l s = p — 1, 
so (/ + 2fc) s = p — 1. This implies that 6^ +2fc = and yields a contradiction. 

Case 3. t = (mod p s+1 ). Then /c s = p — 1. Therefore (Z + 2fc) s = A; s = p — 1, so as above, 
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Step 2. e\ +2t - 1 = 2 if and only if f l t +2t ~ l = 2 (equivalently, d 1 ^ 21 ' 1 = 4±f~ 1 = V- 

Assume that e' +2 * _1 = 2. By Step 1, this is equivalent to the following: there exist 
k,s > with k + p s = t such that b l s +2k = 2 and d l ^ 2k = 1. Hence p s+1 \ I + 2k and 
k C p l+2k. By Lemma O (i), p s+l divides I and k. Note that l+2t-l = l+2k+p s + (p s -1) . 



Therefore t = Zc+p s C p l+2t-l andt-1 = k+(p s -l) C p 1+24-1, sod^ 2 ' -1 = c4-l* -1 = X > 
as required. 

Assume now that d l f 2t ~ l = ^t 2<_1 = 1. Let s = lp(i). Then t s ^ and (t-l) s =t s -l. 
Since both t and t — 1 are contained in Z + 2t — 1, we have t s = 1. Moreover, we have 
(Z-l)o = ••• = (Z-l)s-i = (t-l)o = ••• = (t-l).-i =p-l. Since (Z + 2t-l) s = i a = 1, 
we get (Z — l) s = p — 1. Hence p s+1 | Z. Set k = t — p s . Then p s+1 | fc, so p s+1 \ I + 2k 
and Z4 +2fc = 2. It remains to observe that k = t — p s C p (Z + 2t — 1) — p s — (p s — 1), so 
d[ +2k = 1 and e\ +2t - 1 = d l + 2k b l s +2k = 2. 

Step 3. If e l t +2t ^ ^ 0, then f^ 21 ' 1 ^ 0, i.e. tc p l + 2t-l or t - 1 C p Z + 2t - 1. 

Let r = lp(Z). First assume that 4 +2 ' = 1 (see (|)), i.e. t C p I + 2i. Then by 
Lemma |3.1| (ii), p r \ t. One easily checks that if p r+1 J(t, then t — 1 G p I + 2t — 1, and if 
p r+1 | t, then t C p Z + 2t — 1, as required. 

Assume now that there exist k, s > with + p s = t such that d l ^~ 2k = 1 and b l s +2k ^ 0. 
By Lemma ^ p r \ k and lp(Z + 2fc) = r. If Z^+ 2fc = 2, then by Step 2, fl +2t ^ = 2/0. 
Hence we can assume that b l + 2k = 1. By (|3|), p s | Z + 2k and (Z + 2k) s ^ 0,p — 1, so r = s. 
Assume that fc s = 0. Then (t-l) a = andt-1 = k+p s -l C p l+2k+p s + (p s -l) = l+2t- 
1. Ifk s ^ 0, we have Zc s = (l + 2k) s ^ p-l, sot = k+p s C p l + 2k+p s + (p s - 1) = Z+2i-l, 
as required. 

Step I If f t +2t - 1 + 0, then e\ +2t - 1 / 0. 

If t = 0, then e^" 1 = 1, so assume that t > 1. We have either i C p Z + 2t — 1, or 
t — 1 C p Z + 2t — 1. One needs to show that either t <Z P I + 2t (i.e. d' +2 * = 1), or there 
exist k, s > with /c + p s = t such that Zc C p I + 2Zc, p s | Z + 2fc, and (Z + 2/c) s 7^ p — 1 
(i.e. 4 +2fc = 1 and bl s +2k + °)- First assume that t C p I + 2t - 1. Let s = lp(t). We have 
(Z + 2t - 1), = t s ± 0. If p s I Z + 2t, then fc = t - p s C p I + 2t - 1 - p s - (p s - 1) = Z + 2fc, 
p s I l + 2t-2p s = l + 2k, and (l + 2k) s = (Z + 2t - 1), - 1 / p - 1, as required. Ifp s j[l + 2t, 
one gets i C p (Z + 2i — 1) + 1 = Z + 2t, as desired. 

Assume now that t — 1 C p Z + 2t — 1. Consider the following cases. 

Case 1. (t - l)o = 0. If (l + 2t- 1) = 0, then t C p I + 2t. Assume that (Z + 2t - 1) / 0. 
Set s = 0, k = t - 1. Then fc = 4 - 1 C p (Z + 2t - 1) - 1 = Z + 2k and (Z + 2Zc) = 
(Z + 2t — l)o — 1 7^ p — 1, as required. 

Case 2. (t - 1) / 0,p - 1. Then (Z + 2t - 1) = (t - l)o / P - 1, so t C p I + 2t. 

Case 5. p I i. Let s = lp(£) . Since t — 1 C p I + 2t — 1, we have p s | Z + 2t, so p s \ I. As 
p s+1 j(t, the integer (t - l) s ^ p - 1. If (t - l) s / 0, then (Z + 2t - l) a = (t - l) s ^ p - 1, 
so t C p ! + 2t. Assume now that (i — l) s = 0. This implies t s = 1. If (Z + 2t — l) s = 0, 
then t C p Z + 2t. Therefore one can suppose that (I + 2t — l) s > 1. Then k = t — p s C p 
(l+2t-l)-p s -(p s -l) = l+2k, p s I l+2t-2p s = l+2k, and (Z+2/c) s = (Z+2t-l) s -l ^ p-1, 
as required. □ 

Now we investigate the submodule structure of the restriction vr™|G n _i. Let n > 1 and 
1 < i < n. As 7T™ is the top composition factor of V™, it follows from (^) that 7r™|G n _i is 
a quotient of the G n _i-module V™iG n -\ ~ + 2Fj + T^+i. Applying Smith's theorem 
§§ both to Vi and m, we conclude that y™|G n _i = Vi®Vi®V where F ~ Vi-i + Vi+i, an d 
TrflG'n-i = vri©7Ti©D where L> is a quotient of V. Now Theorem |l.l|(ii) and Corollary |l.2| 
follow immediately from 
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Theorem 3.3. Let d = Ipi. Set e = if i = —p d (mod p d+l ) and e = 1 otherwise; 
j q = i — 1 + 2p q . Choose minimal t € Z + such that jt > n. Put d! = min{<i, t}. Then 

TTjr'o ^jl ■ ' ' ^id'-l ~"^ s ^i— 1 © £7r jd ^3d'—l ' ' ' ^J 1 ^io 

is £/ie socle series of D. In particular, D = ir^i £7Tj d if d' = 0. 



Proof. By Theorem |3.2| , D ~ 7Tj_i + 27Tj + • • ' + 2iTj , +eiij d . It follows from Theorem |2. 4 
that the factors 7Tj_i, 7Tj , . . . , 7Tj d ,_ 1 come from V^_i and the factors 7Tj , . . . , 7Tj ,_ , and 
£7Tj d if nonzero come from Vi+i. Note that 

j fc = i - 1 + 2p k = i + p fe + (p k - 1) = i + (p - 1, . . . ,p - 1, 1), 



so 0* (jfc) = [k, d — 1] for all < k < d — 1. Therefore by Theorem 2.1C 



7T 



.70 



Similarly, we get = [0, - 1] for 1 < k < d (and for k = d if e ^ and o! > 0). 

Hence 

CT i d -< TjV-i -< < Tji -< ^io in Vi+i. (7) 

(Here the symbol -< is extended to the zero module in the natural way.) Since 7r™ is 
selfdual, D is selfdual also. Let D± -< s ■ ■ ■ -< s D m be the socle series of D. Recall that D 
has a filtration by quotients of Vi-\ and Vi+\. As the factor 7Tj_i has multiplicity 1 and D 
is selfdual, @ implies that 7Tj_i is a factor of -Dq with d! + 1 <q<m — d', so m> 2d' + 1. 
If £7Tj d = 0, then m = 2d' + 1 is the composition length of D and the theorem follows from 
(|6|) and (|7|). Assume that £7Tj d ^ 0. As above, by the selfduality of D and (|7|), 7Tj d is a 
factor of D q i with a!' + 1 < q' < m — d' . Assume that q' ^ q. Then m = 2d' + 2, so D 
is uniserial, which contradicts the selfduality of D. Hence q' = q and the theorem follows 
from © and (|). □ 

Remark 3.4. Obviously, if siTj d = (i.e. d' < d or i = —p d (mod p d+1 )), then the module 
D is uniserial, so has exactly 2d' + 2 different submodules. Since D is selfdual, one can 
easily observe that D has exactly 2d + 4 different submodules in the case where £7Tj d 7^ 
(i.e. d = d' and z ^ — p d (mod p d+1 )). 

4. Inductive systems and the transfer to an arbitrary field 

In this section the inductive systems of fundamental representations for Spoo(K) are 
classified and the results of the paper are transferred to an arbitrary field. 

Proposition 4.1. (i) Let ^ be an inductive system and 1Z pt 1 C Then 1Z pt ~ l C $ '. 
(ii) lZ k is an inductive system if and only if k = p t — 1, t > 1. 

Proof, (i) Assume that 1Z pt ~ l <£. ^. Choose maximal I such that K'cf. Then p* -1 < / < 
p* — 1. Take minimal s such that l s ^ p — 1 and set i = p s (l s , h+i, ■ ■ ■)■ Then i > and 
C ^. One has lp(i) > s. Moreover, if lp(«) = s, then i ^ —p s (mod p s+1 ). Therefore 
Theorem 3.2 implies that 7r^ +2 p= ^ s a composition factor of vr™|G n _i for n > i — 1 + 2p s , 



and 1 + 2 p 3 cf. As j — 1 + 2p s > I, we get a contradiction. 

(ii) In view of (i), it suffices to verify that W 1 _1 is an inductive system. By Theorem 3.2 



we need only to check that if i < p* — 1 and s = lp(i), then i — 1 + 2p s < p* — 1 if i s ^ p — 1, 
and i — 1 + 2p s ~ 1 < p* — 1 if i s = p — 1 and s > 0. But this is clear since i < (p — 2)p s + (p — 
l)p s+1 + . . . + (p — l)p' _1 in the first case and i < (p — l)p s + (p — l)p s+1 + . . . + (p — l)p <_1 
in the second one. □ 
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Proof of Theorem Li. Theorem |l.l| (i) and Proposition LI yield that £ s , 1Z P 1 , and 
C s WRP - 1 , s > 0, t > 1, are inductive systems for Spoo(K). 

Let VP = {^i, i = 1, 2, . . . } be an inductive system of fundamental representations. It 
is clear that either for every s,u E Z + there exist n and I such that cjJ 1 E ^n, i > s 



Z > 



and n + 1 

k > I, and n — k > 



or ^ C £ s U 7£ u for some s and it. In the first case we claim that 



T . Indeed, fix m and I, < I < m. Then one can choose k and n such that u2 E ^ r 



_ m - 

^n+l-k g ^ n+; _ fc and w 



L Since ^ is an inductive system, Theorem 1.1 (i) implies that 
, c -xn+i-k ^ ^ E *m- Hence <f = J 7 . 
Next, suppose that $ C C s UlZ u . Choose minimal s and u with this property assuming 
that s = -1 if * C TZ U and u = if $ C £ s . (Observe that for all s and it, (£ s n^ u ) n = 
for n large enough.) We shall prove that ^> = C s U 7£ u and it = — 1 with t E Z + (in 
particular, ^ = 1Z U for s = — 1 and ^ = C s for it = 0). 

First let it > 0. We claim that K a C $ and -u = p t - 1. As * ^ £ s and ^ and C s 
are inductive systems, ^> n PI 72.^ 7^ for infinitely many integers n. So there exists v < u 
such that 7r™ E \l/ n for infinitely many n. Choose maximal such v. Theorem 3.2 yields 
that 7r" E *$> n for all n > i> — 1 and T? 1 ' C "I 7 . Now Proposition 4.1 and the choice of v 
imply that v = p — 1 and 7^ is an inductive system. It remains to show that v = u. 
Suppose this is not the case. As \P <f_ C s U 1Z V , there exist I and t such that v < I < u, 
t > s + 1 — 1, and 7T* E Since ^ £ s , and 7£ w are inductive systems, this implies that 
for every k > t there exists 7r^ fc E ^fc with v < < u which contradicts the choice of v. 
Hence v = u = p t — 1 and 1Z U C ^ . 

Now we show that C s C $ if s > 0. As E^ U 7£ u , for some n>s + it — lwe have 
E Since ^, 1Z U , and for s > 1 are inductive systems, this forces E ^ n for 
all n > s. Now Theorem 1.1 yields that C s C ^f, as desired. □ 



Proposition 4.2. ^4Z/ theorems of the paper hold for arbitrary F D K . 

Proof. Since the restrictions of the fundamental representations of a semisimple algebraic 
group over an algebraically closed field to relevant Chevalley groups over arbitrary subfields 



remain irreducible and can be realized over these subfields, only Theorems |l-l| (ii) (or 3.3 ) 
2.10| , and 2.13 require some analysis. Let M be the G„-module |G„ or W i 



First assume that F = F is algebraically closed. Set H = Sp2 n (F). Let L be the Lie 
algebra of H. For a root a of H and t E F denote by x a (t) E H and X a E L the root 
elements in H and L associated with a. It is well known that x a {t){m) = (1 + tX a )m for 
m E M and long a (see, for instance, || Lemma 1]). For g E G n set x g a (t) = gxafyg^ 1 
and Xa = gX a g~ x . It is clear that X& E L. It suffices to show that each G n -submodule 
C M is an .ff-submodule. Obviously, x 9 a {i)N = N and X%N C N for all long roots 
a, 5 E G n , and t £ K. But this forces Xa{t)N = N for all t £ F. However, using the 
commutator relations for the Chevalley groups of type C (see, for instance, Lemma 15]), 
one can deduce that the subgroup generated by all x 9 a {t) with g E G n , t E F, and long 
a coincides with H. (Here, in fact, it suffices to make computations within subgroups of 
type C2 and show that our subgroup contains all short root subgroups). Hence N is an 
.ff-module, as desired. 

Now let F Z> K be arbitrary. For a finite dimensional -FG n -module S set S = S <S>f F 
and denote the socle of S by soc(S). Since dim Homre n (E, S) = dim.Komp Gn (E, S) for 
any FC^-module E, we have soc(5) = soc(S') if all composition factors of S are absolutely 
irreducible. The same holds for other members of the socle series of S. If M = WJ 1 , then 
M and M are multiplicity-free and their submodules are completely determined by the 
sets of composition factors. Therefore the arguments on socles allow us to conclude that 
each submodule of M has the form S for some submodule S C M. 
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Let M = a;" [G n with i, n > 1. Then the socle of M contains a submodule V = © 
Since M and V are selfdual and M has only two composition factors isomorphic 
to u)'?-,, there exists a submodule D of M such that M = V © D and D is the unique 
submodule in M with M = V®D. Now one can see that the socle series of D is determined 
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